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Introduction

Case Study
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• Large brewery
• Brews and sells beverages
• Produ�tion planning by hand
• Planner has a lot of experien�e
• But will retire soon

Challenges
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• Strong �ompetition
• Customer demand is �hanging
• Craft beer gains popularity
• Variety of drinks is in�reasing
• Bat�h sizes are getting smaller

Different costs
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• Plant �an fill multiple types
• Time depends on type and bat�h
• Changing type leads to set-up �osts for preparation and �leaning
• Unsold beer bottles �an be stored in a warehouse
• This leads to inventory �osts

Where is the

�hallenge?
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Problem Structure

Objective

Question: What �ould be the obje�tive?

Minimize the �ombined setup and inventory holding �ost while satisfying the demand
and adhering to the produ�tion �apa�ity.

Trade-Off
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Question: What is the trade-off?

Larger bat�hes require less setup �ost per bottle, but in�rease the storage �ost.

Available Sets
Question: What are sets again?

. . .

Sets are �olle�tions of obje�ts.

. . .

Question: What �ould be the sets here?

. . .

• ℐ - Set of beer types indexed by 𝑖 ∈ {1, 2, ..., |ℐ|}
• 𝒯 - Set of time periods indexed by 𝑡 ∈ {1, 2, ..., |𝒯|}

Available Parameters
Question: What are possible parameters?

. . .

• 𝑎𝑡 - Available time on the bottling plant in period 𝑡 ∈ 𝒯
• 𝑏𝑖 - Time used for bottling one unit of beer type 𝑖 ∈ ℐ
• 𝑔𝑖 - Setup time for beer type 𝑖 ∈ ℐ
• 𝑓𝑖 - Setup �ost of beer type 𝑖 ∈ ℐ
• 𝑐𝑖 - Inventory holding �ost for one unit of beer type 𝑖 ∈ ℐ
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• 𝑑𝑖,𝑡 - Demand of beer type 𝑖 ∈ ℐ in period 𝑡 ∈ 𝒯

Decision Variables?

 We have the following sets:

• Beer types indexed by 𝑖 ∈ {1, 2, ..., |ℐ|}
• Time periods of the planning horizon indexed by 𝑡 ∈ {1, 2, ..., |𝒯|}

. . .

! Our obje�tive is to:

Minimize the �ombined setup and inventory holding �ost while satisfying the
demand and adhering to the produ�tion �apa�ity.

. . .

Question: What �ould be our de�ision variable/s?

Decision Variables
• 𝑊𝑖,𝑡 - Inventory of type 𝑖 ∈ ℐ at the end of 𝑡 ∈ 𝒯
• 𝑌𝑖,𝑡 - 1, if type 𝑖 ∈ ℐ is bottled in 𝑡 ∈ 𝒯, 0 otherwise
• 𝑋𝑖,𝑡 - Bat�h size of type 𝑖 ∈ ℐ in 𝑡 ∈ 𝒯

Model Formulation

Objective Function?

! Our obje�tive is to:

Minimize the �ombined setup and inventory holding �ost while satisfying the
demand and adhering to the produ�tion �apa�ity.

. . .

Question: What �ould be our obje�tive fun�tion?

. . .

 We need the following variables:

• 𝑊𝑖,𝑡 - Inventory of type 𝑖 ∈ ℐ at the end of 𝑡 ∈ 𝒯
• 𝑌𝑖,𝑡 - 1, if type 𝑖 ∈ ℐ is bottled in 𝑡 ∈ 𝒯, 0 otherwise
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Objective Function

 We need the following parameters:

• 𝑓𝑖 - Setup �ost of beer type 𝑖 ∈ ℐ
• 𝑐𝑖 - Inventory holding �ost for one unit of beer type 𝑖 ∈ ℐ

. . .

Minimize ∑
ℐ

𝑖=1
∑
𝒯

𝑡=1
(𝑐𝑖 ×𝑊𝑖,𝑡 + 𝑓𝑖 × 𝑌𝑖,𝑡)

Constraints

Question: What �onstraints?

• Transfer unused inventory
• Fulfill the �ustomer demand
• Set up beer types
• Cal�ulate the bat�h size per set-up
• Compute remaining inventory
• Limit the bottling plant
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Demand/Inventory Constraints?

! The goal of these �onstraints is to:

Consider the �urrent inventory and bat�h sizes and �ompute the remaining inven-
tory.

. . .

 We need the following variables and parameters:

• 𝑊𝑖,𝑡 - Inventory of beer type 𝑖 ∈ ℐ at the end of period 𝑡 ∈ 𝒯
• 𝑋𝑖,𝑡 - Bat�h size of beer type 𝑖 ∈ ℐ in 𝑡 ∈ 𝒯
• 𝑑𝑖,𝑡 - Demand of beer type 𝑖 ∈ ℐ in period 𝑡 ∈ 𝒯

. . .

Question: What �ould the �onstraint look like?

Demand/Inventory Constraints
𝑊𝑖,𝑡−1 +𝑋𝑖,𝑡 −𝑊𝑖,𝑡 = 𝑑𝑖,𝑡 ∀𝑖 ∈ ℐ, 𝑡 ∈ 𝒯 | 𝑡 > 1

. . .

 Remember, these are the variables and parameters:

• 𝑊𝑖,𝑡 - Inventory of beer type 𝑖 ∈ ℐ at the end of period 𝑡 ∈ 𝒯
• 𝑋𝑖,𝑡 - Bat�h size of beer type 𝑖 ∈ ℐ in 𝑡 ∈ 𝒯
• 𝑑𝑖,𝑡 - Demand of beer type 𝑖 ∈ ℐ in period 𝑡 ∈ 𝒯

. . .

Question: What does | 𝑡 > 1 mean?

Setup Constraints?

! The goal of these �onstraints is to:

Set up beer types where the bat�h size is ≥ 0.

. . .
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 We need the following variables and parameters:

• 𝑌𝑖,𝑡 - 1, if beer type 𝑖 ∈ ℐ is bottled in period 𝑡 ∈ 𝒯, 0 otherwise
• 𝑋𝑖,𝑡 - Bat�h size of beer type 𝑖 ∈ ℐ in 𝑡 ∈ 𝒯
• 𝑑𝑖,𝑡 - Demand of beer type 𝑖 ∈ ℐ in period 𝑡 ∈ 𝒯

. . .

Question: What �ould the se�ond �onstraint be?

Setup Constraints

𝑋𝑖,𝑡 ≤ 𝑌𝑖,𝑡 ×∑
𝒯

𝜏=1
𝑑𝑖𝜏 ∀𝑖 ∈ ℐ, ∀𝑡 ∈ 𝒯

. . .

Question: Do you know this type of �onstraint?

. . .

This type of �onstraint is �alled a “Big-M” �onstraint!

. . .

• M (here ∑𝒯
𝜏=1 𝑑𝑖𝜏 ) is a large number

• It is �oupled with a binary variable (here 𝑌𝑖,𝑡)
• Like an if-then �onstraint

Capacity Constraints?

! The goal of these �onstraints is to:

Limit the �apa�ity of the bottling plant per period.

. . .

 We need the following variables and parameters:

• 𝑌𝑖,𝑡 - 1, if beer type 𝑖 ∈ ℐ is bottled in period 𝑡 ∈ 𝒯, 0 otherwise
• 𝑋𝑖,𝑡 - Bat�h size of beer type 𝑖 ∈ ℐ in 𝑡 ∈ 𝒯
• 𝑎𝑡 - Available time on the bottling plant in period 𝑡 ∈ 𝒯
• 𝑏𝑖 - Time used for bottling one unit of beer type 𝑖 ∈ ℐ
• 𝑔𝑖 - Setup time for beer type 𝑖 ∈ ℐ

Capacity Constraints
Question: What �ould the third �onstraint be?
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It has more variables and parameters when �ompared to the other �onstraints but it is
easier to understand.

. . .

∑
ℐ

𝑖=1
(𝑏𝑖 ×𝑋𝑖,𝑡 + 𝑔𝑖 × 𝑌𝑖,𝑡) ≤ 𝑎𝑡 ∀𝑡 ∈ 𝒯

. . .

And that’s basi�ally it!

CLSP: Objective Function
Minimize ∑

𝑖∈ℐ
∑
𝑡∈𝒯

(𝑐𝑖 ×𝑊𝑖,𝑡 + 𝑓𝑖 × 𝑌𝑖,𝑡)

! The goal of the obje�tive fun�tion is to:

Minimize the �ombined setup and inventory holding �ost while satisfying the
demand and adhering to the produ�tion �apa�ity.

CLSP: Constraints
𝑊𝑖,𝑡−1 +𝑋𝑖,𝑡 −𝑊𝑖,𝑡 = 𝑑𝑖,𝑡 ∀𝑖 ∈ ℐ, 𝑡 ∈ 𝒯 | 𝑡 > 1

𝑋𝑖,𝑡 ≤ 𝑌𝑖,𝑡 ×∑
𝜏∈𝒯

𝑑𝑖,𝜏 ∀𝑖 ∈ ℐ, ∀𝑡 ∈ 𝒯

∑
𝑖∈ℐ
(𝑏𝑖 ×𝑋𝑖,𝑡 + 𝑔𝑖 × 𝑌𝑖,𝑡) ≤ 𝑎𝑡 ∀𝑡 ∈ 𝒯

! Our �onstraints ensure:

Demand is met, inventory transferred, setup taken �are of, and �apa�ity respe�ted.

CLSP: Variable Domains
𝑌𝑖,𝑡 ∈ {0, 1} ∀𝑖 ∈ ℐ, 𝑡 ∈ 𝒯

𝑊𝑖,𝑡, 𝑋𝑖,𝑡 ≥ 0 ∀𝑖 ∈ ℐ, 𝑡 ∈ 𝒯

! The variable domains make sure that:

The binary setup variable is either 0 or 1 and that the inventory and bat�h size are
non-negative.
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Model Characteristics

Recap on some Basics
There exist several types of optimization problems:

• Linear (LP): Linear �onstraints and obje�tive fun�tion
• Mixed-integer (MIP): Linear �onstraints and obje�tive fun�tion, but dis�rete variable

domains
• Quadrati� (QP): Quadrati� �onstraints and/or obje�tive
• Non-linear (NLP): Non-linear �onstraints and/or obje�tive
• And more!

Recap on Solution Algorithms
• Simplex algorithm to solve LPs
• Bran�h & Bound to solve MIPs
• Outer-Approximation for mixed-integer NLPs
• Math-Heuristi�s (e.g., Fix-and-Optimize, Tabu-Sear�h, …)
• De�omposition methods (Lagrange, Benders, …)
• Heuristi�s (greedy, �onstru�tion method, n-opt, …)
• Graph theoreti�al methods (network flow, shortest path)

Model Characteristics
Questions: On model �hara�teristi�s

• Is the model formulation linear/ non-linear?
• What kind of variable domains do we have?
• What kind of solver �ould we use?
• Can the Big-M �onstraint be tightened?

Model Assumptions
Questions: On model assumptions

• What assumptions have we made?
• What is the problem with the planning horizon?
• Any idea how to solve it?

Impact

Can this be

applied?

Scale as a Problem
Solving the problem with �ommer�ial solvers is not feasible.
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Scale of the Case Study
• 220 finished produ�ts
• 100 semi-finished produ�ts
• 13 produ�tion resour�es
• 8 storage resour�es
• 3 main produ�tion levels
• 52 weeks planning horizon

Any idea what

�ould be done?

Heuristics and Optimization
• Multi-level Capa�itated Lot-Sizing Problem
• Heuristi� fix and optimize approa�h¹
• Operating �ost redu�tion by 5% and planning effort by 40%

. . .

 And that’s it for todays le�ture!

We now have �overed the basi�s of the CLSP and are ready to start solving some
tasks in the up�oming tutorial.

Questions?

Literature

Literature I
For more interesting literature to learn more about Julia, take a look at the literature
list of this �ourse.

Literature II
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